We propose to generalize the probability axiom of quantum mechanics to self-adjoint positive operators of trace one. Furthermore, we discuss the Cartesian and polar decomposition of arbitrary normal operators and the possibility to operationalize the corresponding observables. Finally we review and emphasize the use of observables which maximally represent the context. Since Planck's introduction of the quantum exactly 100 years ago [1], quantum mechanics has developed into a phantastically successful theory which appears to be stronger than ever. Despite its obvious relevance and gratifying predictive power, the question of how to proceed to theories beyond the quantum is not totally unjustified and is also asked by eminent and prominent researchers in the area [2, 3] . In what follows, a humble approach to this problem is pursued. Von Neumann's Hilbert space formalism [4] to quantum mechanics is extended by considering more general forms of operators as proper realizations of physical observables. From the point of view of vector space theory, these extensions reflect well-known properties of the algebraic structures arising in quantum mechanics [5, 6] . It may nevertheless be worthwhile to review them for a proper understanding of the underlying physics.
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The quantum probability P (ψ, A) of a proposition A given a state ψ is usually introduced as the trace of the product of the state operators ρ ψ and the projection operator E A ; i.e., P (ψ, A) = Tr(ρ ψ E A ). (This "axiom" of quantum probability has been derived for Hilbert spaces of dimension larger than two from reasonable basic assumptions by Gleason [7] .) The state operator ρ ψ must be (i) self-adjoint; i.e., ρ ψ = ρ † ψ , (ii) positive; i.e., (ρ ψ x, x) = x | ρ ψ | x ≥ 0 for all x, and (iii) of trace one; i.e., Tr(ρ ψ ) = 1. Since one criterion for a pure state is its idempotence; i.e., ρ ϕ ρ ϕ = ρ ϕ , one way to interpret E A is a measurement apparatus in a pure state ρ ϕ = E A . But while pure states can be interpreted as a system being in a given property, not every state is pure and thus corresponds to a projection.
We propose here to generalize quantum probabilities to properties corresponding also to nonpure states, such that the general form of quantum probabilities can be written as
where again we require that ρ ϕ is self-adjoint, positive and of trace one. One immediate advantage is the equal treatment of the object and measurement apparatus. They appear interchangeably, stressing the conventionality of the measurement process [8] .
One property of the extended probability measure is its positive definiteness and boundedness; i.e., 0 ≤ P (ψ, ϕ) ≤ 1. The former bound follows from positivity. The latter bound by 1 can be easily proved for finite dimensions by making a unitary basis transformation such that ρ ϕ (or ρ ψ ) is diagonal.
A very simple example of an extended probability is the case of the total ignorance of the state of the measurement apparatus and of the measured system and n nondegenerate outcomes for the apparatus and the state, then ρ ψ = ρ ϕ = 1/n = (1/n) diag(1, 1, . . . , 1), then the probability to find any combination thereof is P (ψ, ϕ) = 1/n 2 . The extended probability reduces to the standard form if one assumes total knowledge of the state of the measurement apparatus, since then ρ ϕ is pure and thus a projection.
Let us from now on consider finite dimensional Hilbert spaces. Another well known fact is the Cartesian and polar decomposition of an arbitrary operator A into operators B, C and D, E such that
where B, C are self-adjoint, E is positive and D is unitary (i.e., an isometry).
The last two equations are for invertible operators A. These are just the matrix equivalents of the decompositions of complex numbers. If A is a normal operator; i.e., AA † = A † A, then B and C commute (i.e., [B, C] = 0) and are thus co-measurable. (All unitary and self-adjoint operators are normal.) In this case, also the operators of the polar decomposition D and E are unique and commute; i.e., [D, E] = 0, and are thus co-measurable. We have thus reduced the issue of operationalizability of normal operators to the self-adjoint case; an issue which has been solved positively [9] .
Hence, normal operators are operationalizable either by a simultaneous measurement of the summands in the Cartesian decomposition or or of the factors in a polar decomposition (cf. also [10, 11] ). Indeed, all operators are "measurable" if one assumes EPR's elements of counterfactual physical reality [6, p. 108f] . In this case, one makes use of the Cartesian decomposition, where B and C not necessarily can be diagonalized simultaneously and thus need not commute. Nevertheless, one may devise a singlet state of two particles with respect to the observables B and C, and measure B on one particle and C on the other one.
As an example for the case of a normal operator which is neither selfadjoint nor unitary, consider diag(2, i)
where σ 3 = diag(1, −1) and both summands and factors commute and thus are co-measurable.
Co-measurability is an important issue in the theory of partial algebras [12, 13] , where, in accordance with quantum mechanics, operations are only allowed between mutually commuting operators corresponding to comeasurable observables. In particular, let us define the context as the set of all co-measurable properties of a physical system. By a well-known theorem, any context has associated with it a single (though not unique) observable represented by a self-adjoint operator C such that all other observables represented by self-adjoint A i within a given context are merely functions (in finite dimensions polynomials) A i = f i (C) thereof. We shall call C the context operator. Context operators are maximal in the sense that they exhaust their context but they are not unique, since any one-to-one transformation of C such as an isometry yields a context operator as well.
Different operators A i may belong to different contexts. Actually, the proof of Kochen and Specker [13] (of the nonexistence of consistent global truth values by associating such valuations locally) is based on a finite chain of contexts linked together at one operator per junction which belongs to the two contexts forming that junction. This fact suggests that-rather than considering single operators which may belong to different contextsit is more appropriate to consider context operators instead. By definition, they carry the entire context and thus cannot belong to different ones. A graphical representation of context operators has been given by Tkadlec [14] , who suggested to consider dual Greechie diagrams which represent context operators as vertices and links between different contexts by edges. A typical application would be the measurement of all the N contexts necessary for a Kochen-Specker contradiction in an entangle N particle singlet state. In such a case, there should exist at least one observable belonging to two different contexts whose outcomes are different (cf also [15] for a similar reasoning).
In summary, there exist extensions of quantum mechanics guided by Hilbert space theory which may be considered as generalizations of the standard formalism. All these extensions are operationalizable and may thus contribute to a better understanding of the quantum phenomena.
